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Entire holomorphic curves into projective spaces
intersecting a generic hypersurface of high degree
Dinh Tuan HUYNH, Duc-Viet VU and Song-Yan XIE
Abstract
In this note, we establish the following Second Main Theorem type estimate for every algebraically
nondegenerate entire curve f : C → Pn(C), in presence of a generic divisor D ⊂ Pn(C) of sufficiently
high degree d ≥ 15(5n+ 1)nn: for every r outside a subset of R of finite Lebesgue measure and every real
positive constant δ, we have
Tf(r) ≤ N
[1]
f (r,D) +O
(
logTf (r)
)
+ δ log r,
where Tf (r) andN
[1]
f (r,D) stand for the order function and the 1-truncated counting function in Nevanlinna
theory. This inequality quantifies recent results on the logarithmic Green–Griffiths conjecture.
Keywords: Nevanlinna theory, Second Main Theorem, holomorphic curve, Green–Griffiths’ conjecture, alge-
braic degeneracy
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1 Introduction and the main result
We first recall the standard notation in Nevanlinna theory. Let E =
∑
i αi ai be a divisor on C where αi ≥ 0,
ai ∈ C and let k ∈ N ∪ {∞}. Denote by ∆t the disk {z ∈ C, |z| < t}. Summing the k-truncated degrees of
the divisor on disks by
n[k](t, E) :=
∑
ai∈∆t
min {k, αi} (t > 0),
the truncated counting function at level k of E is then defined by taking the logarithmic average
N [k](r,E) :=
∫ r
1
n[k](t, E)
t
dt (r > 1).
When k = ∞, we write n(t, E), N(r,E) instead of n[∞](t, E), N [∞](r,E). Let f : C → Pn(C) be an entire
curve having a reduced representation f = [f0 : · · · : fn] in the homogeneous coordinates [z0 : · · · : zn] of
Pn(C). Let D = {Q = 0} be a divisor in Pn(C) defined by a homogeneous polynomial Q ∈ C[z0, . . . , zn] of
degree d ≥ 1. If f(C) 6⊂ D, we define the truncated counting function of f with respect to D as
N
[k]
f (r,D) := N
[k]
(
r, (Q ◦ f)0
)
,
where (Q ◦ f)0 denotes the zero divisor of Q ◦ f .
The proximity function of f for the divisor D is defined as
mf (r,D) :=
∫ 2π
0
log
∥∥f(reiθ)∥∥d ‖Q‖∣∣Q(f)(reiθ)∣∣ dθ2π ,
where ‖Q‖ is the maximum absolute value of the coefficients of Q and∥∥f(z)∥∥ = max {|f0(z)|, . . . , |fn(z)|}.
Since
∣∣Q(f)∣∣ ≤ ‖Q‖ · ‖f‖d, one hasmf (r,D) ≥ 0.
1
Lastly, the Cartan order function of f is defined by
Tf (r) : =
1
2π
∫ 2π
0
log
∥∥f(reiθ)∥∥ dθ
=
∫ r
1
dt
t
∫
∆t
f∗ωn +O(1),
where ωn is the Fubini–Study form on P
n(C).
With the above notations, the Nevanlinna theory consists of two fundamental theorems (for a comprehensive
presentation, see Noguchi-Winkelmann [19]).
First Main Theorem. Let f : C→ Pn(C) be a holomorphic curve and let D be a hypersurface of degree d in
Pn(C) such that f(C) 6⊂ D. Then for every r > 1, the following holds
mf (r,D) +Nf (r,D) = dTf (r) +O(1),
whence
(1.1) Nf (r,D) ≤ dTf (r) +O(1).
Hence the First Main Theorem gives an upper bound on the counting function in terms of the order function.
On the other side, in the harder part, so-called Second Main Theorem, one tries to establish a lower bound for
the sum of certain counting functions. Such types of estimates were given in several situations.
Throughout this note, for an entire curve f, the notation Sf (r) means a real function of r ∈ R
+ such that
there is a constant C for which
Sf (r) ≤ C Tf (r) + δ log r
for every positive constant δ and every r outside of a subset (depending on δ) of finite Lebesgue measure of
R+.
A holomorphic curve f : C→ Pn(C) is said to be algebraically (linearly) nondegenerate if its image is not
contained in any hypersurface (hyperplane). A family of q ≥ n + 1 hypersurfaces {Di}1≤i≤q in P
n(C) is in
general position if any n+ 1 hypersurfaces in this family have empty intersection:
∩
i∈I
supp(Di) = ∅ (∀ I ⊂{1,...,q}, |I|=n+1).
We recall here the following classical result [3], with truncation level n.
Cartan’s Second Main Theorem. Let f : C→ Pn(C) be a linearly nondegenerate holomorphic curve and let
{Hi}1≤i≤q be a family of q > n + 1 hyperplanes in general position in P
n(C). Then the following estimate
holds
(q − n− 1)Tf (r) ≤
q∑
i=1
N
[n]
f (r,Hi) + Sf (r).
In the one-dimensional case, Cartan recovered the classical Nevanlinna theory for nonconstant meromor-
phic functions and families of q > 2 distinct points. Since then, many author tried to extend the result of Cartan
to the case of (possible) nonlinear hypersurface. Eremenko-Sodin [12] established a Second Main Theorem
for q > 2n hypersurfaces Di (1 ≤ i ≤ q) in general position in P
n(C) and for any nonconstant holomorphic
curve f : C → Pn(C) whose image is not contained in ∪1≤i≤q supp(Di). Keeping the same assumption on
q > n + 1 hypersurfaces, Ru [23] proved a stronger estimate for algebraically nondegenerate holomorphic
curves f : C → Pn(C). He then extended this result to the case of algebraically nondegenerate holomorphic
mappings into an arbitrary nonsingular complex projective variety [24]. Note that it remains open the question
of truncating the counting functions in the above generalizations of Cartan’s Second Main Theorem. Some
results in this direction are obtained recently but one requires the presence of more targets, see for instance [1],
[27].
In the other context, Noguchi-Winkelmann-Yamanoi [20] established a Second Main Theorem for alge-
braically nondegenerate holomorphic curves into semiabelian varieties intersecting an effective divisor. Ya-
manoi [28] obtained a similar result in the case of abelian varieties with the best truncation level 1, which is
extended to the case of semiabelian varieties by Noguchi-Winkelmann-Yamanoi [21].
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In the qualitative aspect, the (strong) Green-Griffiths conjecture stipulates that if X is a complex projective
space of general type, then there exists a proper subvariety Y ( X containing the image of every nonconstant
entire holomorphic curve f : C→ X.
Following a beautiful strategy of Siu [25], Diverio, Merker and Rousseau [11] confirmed this conjecture
for generic hypersurface D ⊂ Pn+1 of degree d ≥ 2n
5
. Berczi [2] improved the degree bound to d ≥ n9n.
Demailly [8] gave a new degree bound
d ≥
n4
3
(
n log(n log(24n))
)n
.
In the logarithmic case, namely for the complement of a hypersurface D ⊂ Pn(C), there is another variant
of this conjecture, so-called the logarithmic Green-Griffiths conjecture, which expects that for a generic hyper-
surface D ⊂ Pn(C) having degree d ≥ n + 2, there should exist a proper subvariety Y ⊂ Pn(C) containing
the image of every nonconstant entire holomorphic curve f : C → Pn(C) \D. Darondeau [5] gave a positive
answer for this case with effective degree bound
d ≥ (5n)2nn.
In this note, we show that the current method towards the Green-Griffiths conjecture can yield not only
qualitative but also quantitative result, namely a Second Main Theorem type estimate in presence of only one
generic hypersurface D of sufficiently high degree with the truncation level 1.
Main Theorem. Let D ⊂ Pn(C) be a generic divisor having degree
d ≥ 15(5n + 1)nn.
Let f : C → Pn(C) be an entire holomorphic curve. If f is algebraically nondegenerate, then the following
estimate holds
Tf (r) ≤ N
[1]
f (r,D) + Sf (r).
For background and standard techniques in Nevanlinna theory, we use the book of Noguchi-Winkelmann
[19] as our main reference. The proof of the existence of logarithmic jet differentials in the last part of this note
is based on the work of Darondeau [5].
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2 Logarithmic jet differentials
2.1 Logarithmic Green-Griffiths k-jet bundle
The general strategy to prove the logarithmic Green-Griffiths conjecture consists of two steps. The first one is to
produce many algebraically independent differential equations that all holomorphic curve f : C→ Pn(C) \D
must satisfy. The second step consists in producing enough jet differentials from an initial one such that from the
corresponding algebraic differential equations, one can eliminate all derivative in order to get purely algebraic
equations.
The central geometric object corresponding to the algebraic differential equations is the logarithmic Green-
Griffiths k-jet bundle constructed as follows. Let X be a complex manifold of dimension n. For a point
x ∈ X, consider the holomorphic germs (C, 0) → (X,x). Two such germs are said to be equivalent if they
have the same Taylor expansion up to order k in some local coordinates around x. The equivalence class of
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a holomorphic germ f : (C, 0) → (X,x) is called the k-jet of f , denote jk(f). A k-jet jk(f) is said to be
regular if f ′(0) 6= 0. For a point x ∈ X, denote by jk(X)x the vector space of all k-jets of holomorphic germs
(C, 0) → (X,x). Set
Jk(X) := ∪
x∈X
Jk(X)x
and consider the natural projection
πk : Jk(X) → X.
Then Jk(X) is a complex manifold which carries the structure of a holomorphic fiber bundle over X, which
is called the k-jet bundle over X. When k = 1, J1(X) is canonically isomorphic to the holomorphic tangent
bundle TX of X.
For an open subset U ⊂ X, for a section ω ∈ H0(U, T ∗X), for a k-jet jk(f) ∈ Jk(X)|U , the pullback
f∗ω is of the form A(z)dz for some holomorphic function A. Since each derivative A(j) (0 ≤ j ≤ k − 1) is
well defined, independent of the representation of f in the class jk(f), the holomorphic 1-form ω induces the
holomorphic map
(2.1) ω˜ : Jk(X)|U → C
k; jk(f)→
(
A(z), A(z)(1) , . . . , A(z)(k−1)
)
.
Hence on an open subset U , a local holomorphic coframe ω1∧· · ·∧ωn 6= 0 yields a trivializationH
0(U, Jk(X)) →
U × (Ck)n by giving new nk independent coordinates:
σ → (πk ◦ σ; ω˜1 ◦ σ, . . . , ω˜n ◦ σ),
where ω˜i are defined as in (2.1). The components x
(j)
i (1 ≤ i ≤ n, 1 ≤ j ≤ k) of ω˜i ◦ σ are called jet-
coordinates. In a more general setting where ω is a section over U of the sheaf of meromorphic 1-forms, the
induced map ω˜ is meromorphic.
Now, in the logarithmic setting, let D ⊂ X be a normal crossing divisor on X. This means that at each
point x ∈ X, there exist some local coordinates z1, . . . , zℓ, zℓ+1, . . . , zn (ℓ = ℓ(x)) centered at x in whichD is
defined by
D = {z1 . . . zℓ = 0}.
Following Iitaka [14], the logarithmic cotangent bundle of X along D, denoted by T ∗X(logD), corresponds to
the locally-free sheaf generated by
dz1
z1
, . . . ,
dzℓ
zℓ
, zℓ+1, . . . , zn
in the above local coordinates around x.
A holomorphic section s ∈ H0(U, Jk(X)) over an open subset U ⊂ X is said to be a logarithmic k-jet field
if ω˜ ◦ s are holomorphic for all sections ω ∈ H0(U ′, T ∗X(logD)), for all open subsets U
′ ⊂ U , where ω˜ are
induced maps defined as in (2.1). Such logarithmic k-jet fields define a subsheaf of Jk(X), and this subsheaf
is itself a sheaf of sections of a holomorphic fiber bundle over X, called the logarithmic k-jet bundle over X
along D, denoted by Jk(X,− logD) [18].
The group C∗ acts fiberwise on the jet bundle as follows. For local coordinates
z1, . . . , zℓ, zℓ+1, . . . , zn (ℓ=ℓ(x))
centered at x in which D = {z1 . . . zℓ = 0}, for any logarithmic k-jet field along D represented by some germ
f = (f1, . . . , fn), if ϕλ(z) = λz is the homothety with ratio λ ∈ C
∗, the action is given by{(
log(fi ◦ ϕλ)
)(j)
= λj
(
log fi
)(j)
◦ ϕλ (1≤ i≤ ℓ),(
fi ◦ ϕλ
)(j)
= λjf
(j)
i ◦ ϕλ (ℓ+1≤ i≤n).
Now we are ready to introduce the Green-Griffiths k-jet bundle [13] in the logarithmic setting. A logarith-
mic jet differential of order k and degree m at a point x ∈ X is a polynomial Q(f (1), . . . , f (k)) on the fiber
over x of Jk(X,− logD) enjoying weighted homogeneity:
Q(jk(f ◦ ϕλ)) = λ
mQ(jk(f)).
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Denote by EGGk,mT
∗
X(logD)x the vector space of such polynomials and set
EGGk,mT
∗
X(logD) := ∪
x∈X
EGGk,mT
∗
X(logD)x.
By Faa` di bruno’s formula [4], [15], EGGk,mT
∗
X(logD) carries the structure of a vector bundle over X, called
logarithmic Green-Griffiths vector bundle. A global section P of EGGk,mT
∗
X(logD) locally is of the following
type in jet-coordinates x
(j)
i :
∑
α1,...,αk∈N
n
|α1|+2|α2|+···+k|αk|=m
Aα1,...,αk
( ℓ∏
i=1
(
(log xi)
(1))α1,i n∏
i=ℓ+1
(
(xi)
(1))α1,i) . . .
( ℓ∏
i=1
(
(log xi)
(k))αk,i n∏
i=ℓ+1
(
(xi)
(k))αk,i),
where
αλ = (αλ,1, . . . , αλ,n) ∈ N
n
(1≤λ≤ k)
are multi-indices of length
|αλ| =
∑
1≤i≤n
αλ,i,
and where Aα1,...,αk are locally defined holomorphic functions.
By the following classical result, the first step to prove the Green-Griffiths conjecture reduces to finding
logarithmic jet differentials valued in the dual of some ample line bundle.
Fundamental vanishing theorem. ([9], [10]) Let X be a smooth complex projective variety and let D ⊂ X
be a normal crossing divisor on X. If P is a nonzero global holomorphic logarithmic jet differential along D
vanishing on some ample line bundle A onX, namely if
0 6= P ∈ H0
(
X,EGGk,mT
∗
X(logD)⊗A
−1
)
,
then all nonconstant holomorphic curves f : C→ X \D must satisfy the associated differential equation
(2.2) P
(
jk(f)
)
≡ 0.
In the compact case, the existence of such global sections has been proved recently, first by Merker [15] for
the case of smooth hypersurfaces of general type in Pn(C), and later for arbitrary general projective variety by
Demailly [7]. Adapting this technique in the logarithmic setting, Darondeau [5] obtained a similar result for
smooth hypersurface in projective space, provided that the degree is high enough compared with the dimension.
Proposition 2.1. ([5, Th. 1.2]) Let c ∈ N be a positive integer and let D ⊂ Pn(C) be a smooth hypersurface
having degree
d ≥ 15(c + 2)nn.
For jet order k = n, for weighted degrees m ≫ d big enough, the vector space of global logarithmic jet
differentials along D of order k and weighted degree m vanishing on the m-th tensor power of the ample line
bundle OPn(C)(c) has positive dimension:
dim H0
(
Pn(C), EGGn,mT
∗
Pn(C)(logD)⊗OPn(C)(c)
−m
)
> 0.
3 Second Main Theorem for logarithmic jet differential
Let D ⊂ Pn(C) be a smooth hypersurface in Pn(C). Let f : C → Pn(C) be an entire holomorphic curve, not
necessary in the complement ofD. If there exists a global logarithmic jet differential P which does not satisfy
(2.2), then the fundamental vanishing theorem guarantees that the curve f must intersect the hypersurface D.
Furthermore, in the quantitative aspect, based on the proof of the fundamental vanishing theorem, it is known
that a Second Main Theorem type estimate
Tf (r) ≤ C Nf (r,D) + Sf (r)
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can be deduced from the existence of such global section P . There are several variants of the above estimate,
see for instance in [22], [26]. Here we provide more information about the constant C and truncation of the
counting function.
Before going to introduce the main result of this section, we need to recall the following lemma on loga-
rithmic derivative which is a crucial tool in Nevanlina theory.
Logarithmic derivative Lemma. Let g 6≡ 0 be a nonzero meromorphic function on C. For any integer k ≥ 1,
we have
m
g(k)
g
(r) := m
g(k)
g
(r,∞) = Sg(r).
We refer to [19, Lem. 4.7.1] for a more general version of the above Lemma. Here is our main result in this
section.
Theorem 3.1. Let f : C→ Pn(C) be an entire curve and let D ⊂ Pn(C) be a smooth hypersurface. Let m˜ be
a positive integer. If there exists a global logarithmic jet differential
P ∈ H0
(
Pn(C), EGGk,mT
∗
Pn(C)(logD)⊗OPn(C)(1)
−m˜
)
such that
P
(
jk(f)
)
6≡ 0,
then the following Second Main Theorem type estimate holds:
Tf (r) ≤
m
m˜
N
[1]
f (r,D) + Sf (r).
Proof. Our proof is partly based on [19, Lem. 4.7.1] and [9]. LetQ be the irreducible homogeneous polynomial
definingD. By assumption, P
(
jk(f)
)
is a nonzero meromorphic section of f∗OPn(C)(1)
−m˜. LetDP,f be the
pole divisor of P
(
jk(f)
)
.
Let
(
V, φ) be a small enough local chart of Pn(C) such that φ : Pn(C) → Cn is a rational map and D is
given byD = {z1 = 0}, where z = (z1, · · · , zn) are the natural coordinates on C
n. Put
fj := φ(f),(3.1)
which is a meromorphic function on C for 1 ≤ j ≤ n. Then f is written in the local chart V as (f1, · · · , fn)
on f−1(V ). Observe that f1/Q(f) is a nowhere vanishing holomorphic function on f
−1(V ). Recall that on V ,
the section P
(
jk(f)
)
can be written as
P
(
jk(f)
)
=
∑
α1,...,αk∈Nn
|α1|+2|α2|+···+k|αk|=m
Aα1,...,αk
k∏
ℓ=1
((
(log f1)
(ℓ)
)αℓ,1 n∏
j=2
(
f
(ℓ)
j
)αℓ,j),(3.2)
where Aα1,...,αk are holomorphic functions on f
−1(V ) and αj = (αj,1, · · · , αj,n) for 1 ≤ j ≤ n. Hence, the
support of DP,f is a subset of the zero set of Q ◦ f on C. Furthermore, since for each 1 ≤ ℓ ≤ k, the pole
order of (log f1)
(ℓ) at any point z ∈ C is at most ℓmin{ordz f1, 1} (hence at most ℓmin{ordzQ(f), 1}) and
since the degree of P ism, we get
DP,f ≤ m
∑
z∈C
min{ordz(Q ◦ f), 1}z.
Let h be the pullback by f of the Fubini-Study form ωn on P
n(C). Using the Poincare´-Lelong formula, we
have
ddc log ‖P
(
jk(f)
)
‖h ≥ m˜f
∗ω − [DP,f ],
where [DP,f ] is the integration current of DP,f . Combining this fact with the above inequality, we obtain
m˜ Tf (r) +O(1) ≤
∫
∂∆r
log ‖P
(
jk(f)
)
‖2h
dθ
2π
+mN
[1]
f (r,D).
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Thus, it remains to verify
(3.3)
∫
∂∆r
log ‖P
(
jk(f)
)
‖2h
dθ
2π
= Sf (r).
Using a partition of unity on Pn(C), the problem reduces to proving that
(3.4)
∫
∂∆r
log |χ(f)P
(
jk(f)
)
|2
dθ
2π
= Sf (r),
where χ is a smooth positive function compactly supported on a local chart V as above. Using the following
elementary observations with s, s1, · · · , sN ∈ R
∗
+:
log s = log+ s− log+
1
s
≤ log+ s
log+
N∑
i=1
si ≤
N∑
i=1
log+ si + logN
log+
N∏
i=1
si ≤
N∑
i=1
log+ si,
where log+ denotes max{log, 0}, we get∫
∂∆r
log |χ(f)P
(
jk(f)
)
|2
dθ
2π
≤
∑
α1,...,αk∈Nn
|α1|+2|α2|+···+k|αk|=m
k∑
ℓ=1
(∫
∂∆r
log+
(
χ(f)|(log f1)
(ℓ)|αℓ,1
) dθ
2π
+
n∑
j=2
∫
∂∆r
log+
(
χ(f)|f
(ℓ)
j |
αℓ,j
) dθ
2π
)
+O(1),(3.5)
Recall from (3.1) that fj are meromorphic functions on C for 1 ≤ j ≤ n. Hence applying the logarithmic
derivative Lemma to f1, we infer that∫
∂∆r
log+
(
χ(f)|(log f1)
(ℓ)|αℓ,1
) dθ
2π
= Sf (r).(3.6)
Therefore, it suffices to show that this property still holds for the remaining terms in the right-hand side of (3.5).
Continuing to apply the logarithmic derivative Lemma, we obtain∫
∂∆r
log+
(
χ(f)|f
(ℓ)
j |
αℓ,j
) dθ
2π
≤ c
∫
∂∆r
log+
(
χ(f)|f
(1)
j |
2
) dθ
2π
+ Sf (r),
for some constant c which is independent of r, f . Hence it remains to check∫
∂∆r
log+
(
χ(f)|f
(1)
j |
2
) dθ
2π
= Sf (r).
This can be done by using the similar arguments as in [19, p. 149]. For the reader’s convenience, we present
the idea here. Since χ is compactly supported on V , there exists a bounded positive function B for which
χ dzj ∧ dz¯j ≤ B(z)ωn on V for 2 ≤ j ≤ n. This yields
χ(f)|f
(1)
j |
2 dz ∧ dz¯ = f∗(χ dzj ∧ dz¯j) ≤ B(f)f
∗ωn.
The pullback f∗ωn is of the form B1 dz ∧ dz¯. Hence we deduce from the above inequality that∫
∂∆r
log+
(
χ(f)|f
(1)
j |
2
) dθ
2π
≤
1
2π
∫
∂∆r
log+B(f) dθ +
1
2π
∫
∂∆r
log+B1 dθ
≤
1
2π
∫
∂∆r
log+B1 dθ + suppz∈V |B(z)|.
Estimating
∫
∂∆r
log+B1 is done by following the same arguments as in the proof of the logarithmic derivative
Lemma, see [19, (3.2.8)]. The proof is finished.
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4 Existence of logarithmic jet differentials
Let f : C → Pn(C) be an algebraically nondegenerate holomorphic curve. Following the second step in Siu’s
strategy to prove the Green-Griffith conjecture, morally, if we can produce enough logarithmic jet differentials
valued in the dual of some ample line bundle on Pn(C), then among them, we can choose at least one such that
f does not satisfy the algebraic differential equation (2.2).
Theorem 4.1. Let c be a positive integer with c ≥ 5n − 1. Let D ⊂ Pn(C) be a generic smooth hypersurface
in Pn(C) having degree
d ≥ 15(c + 2)nn.
Let f : C → Pn(C) be an entire holomorphic curve. If f is algebraically nondegenerate, then for jet order
k = n and for weighted degrees m > d big enough, there exists an integer 0 ≤ ℓ ≤ m and a global
logarithmic jet differential
P ∈ H0
(
Pn(C), EGGn,mT
∗
Pn(C)(logD)⊗OPn(C)(1)
−cm+ℓ(5n−2)
)
such that
P
(
jn(f)
)
6≡ 0.(4.1)
The rest of this section is devoted to proving Theorem 4.1 whose proof is based on [11, 5]. Let S :=
PH0
(
Pn(C),O(d)
)
be the projective parameter space of homogeneous polynomials of degree d in Pn(C)
which identifies with the projective space PNd(C) of dimension
Nd = dim PH
0
(
Pn(C),OPn(C)(d)
)
=
(
n+ d
d
)
− 1.
We then introduce the universal hypersurface
H ⊂ Pn(C)× S
parametrizing all hypersurfaces of fixed degree d in Pn(C), defined by the equation
0 =
∑
α∈Nn+1
Aα Z
α
in the following two collections of homogeneous coordinates
Z = [Z0 : · · · : Zn] ∈ P
n(C),
A = [(Aα)α∈Nn+1,|α|=d] ∈ P
Nd(C),
where α = (α0, . . . , αn) ∈ N
n+1 are multiindices. Since H is a smooth hypersurface on Pn(C) × S, we can
construct the logarithmic k-jet bundle
Jk(P
n(C)× S,− logH)
over Pn(C)× S along H.
Now, let η be be the natural projection from Jk(P
n(C)×S,− logH) to Pn(C)×S. Let pr1 and pr2 be the
natural projections from Pn(C)×S to the first and second part, respectively. Let VH,k be the analytic subset of
Jk(P
n(C)× S,− logH) consisting of all vertical logarithmic jet fields of order k which, by definition, are jets
jk(f) such that f lies entirely in some fiber of the second projection pr2.
Denote by VregH,k the open subset consisting of all regular jets. By [6, p. 571-572] (see also [16, p. 1088]),
VregH,k is smooth manifold. Following the method of producing new jet differentials developed by Siu [25], in
the logarithmic setting, one needs to construct low pole order frames on VregH,k.
Proposition 4.1. ([6, Main Theorem]) For jet order k ≥ 1, for degree d ≥ k, the twisted tangent bundle
TVH,k ⊗ η
∗
(
OPn(C)(5 k − 2)⊗OS(1)
)
is generated over VregH,k \ η
−1H by its global holomorphic sections.
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In fact, those global sections mentioned in the above Proposition are global vector fields on the whole
logarithmic k-jet bundle and satisfy the canonical tangential conditions described as in [6, 16]. Hence they are
true vector fields on the smooth part of VH,k. Moreover by the constructions in [6, 16, 26], the coefficients of
those vector fields are polynomials in local logarithmic jet coordinates.
Let Z0 be the subset of S consisting of all s whose corresponding hypersurface Ds is not smooth. Observe
that Z0 is a proper analytic subset of S.
From now on we work with the fixed jet order k = n. Since pr−12 s = P
n(C)×{s} and since Ds is smooth
for every s outside Z0, one can define Jn(pr
−1
2 s,− logDs) for any s ∈ S\Z0. Let us set
L :=
⋃
s∈S\Z0
Jn(pr
−1
2 s,− logDs),
Lreg :=
⋃
s∈S\Z0
J regn (pr
−1
2 s,− logDs).
Observe that L has a natural structure of holomorphic fiber bundle over Pn(C)×(S\Z0). Note also that L,L
reg
are open subsets of VH,n and V
reg
H,n, respectively. Set
E :=
⋃
s∈S\Z0
EGGn,mT
∗ pr−12 s(logDs),
then E carries the structure of holomorphic vector bundle over Pn(C)× (S\Z0). This fact allows us to extend
holomorphically a nonzero jet differential provided by Proposition 2.1. Let us enter the details.
Lemma 4.1. Let c ≥ 5n − 1 be a positive integer. For degree d ≥ 15(c + 2)nn, for weighted degree m≫ d,
there exists a proper analytic subset Z of S containing Z0 such that for every s ∈ S \ Z, we can find a Zariski
open neighborhood Us of s in S\Z0 and a nonzero holomorphic section P 6≡ 0 of the twisted vector bundle
E ⊗ pr∗1OPn(C)(1)
−cm over pr−12 Us.
Proof. By construction, for any s ∈ S\Z0, the restriction of E to pr
−1
2 s = P
n(C)× {s} coincides with
EGGn,mT
∗ pr−12 s(logDs).
Hence Proposition 2.1 guarantees the existence of a nonzero global section
0 6≡ Ps ∈ H
0
(
Pn(C)× {s}, E ⊗ pr∗1OPn(C)(1)
−cm|pr−12 s
)
of the restriction of the twisted vector bundle E ⊗pr∗1OPn(C)(1)
−cm to pr−12 s. By the semi-continuity theorem
(c.f. [17, p. 50]), there exists a proper Zariski closed subset Z of S containing Z0 such that for any s ∈ S \ Z,
the natural restriction map
H0
(
pr−12 Us, E ⊗ pr
∗
1OPn(C)(1)
−cm
)
−→ H0
(
pr−12 s, E ⊗ pr
∗
1OPn(C)(1)
−cm|pr−12 s
)
is onto for some Zariski open subset Us ⊂ S\Z0 containing s. As a consequence, the above section Ps can be
extended holomorphically to a section P of E ⊗ pr∗1OPn(C)(1)
−cm over pr−12 Us.
Proof of Theorem 4.1. Let Z,P be as in Lemma 4.1. Let us first describe precisely the generic assumption of
D in the statement. By this, we mean that if D corresponds to the element s ∈ S (i.e. D = Ds), then s lies
outside Z ∪HS, where HS is a fixed arbitrary hyperplane of S. Here the condition s 6∈ HS is given in order to
get rid of η∗OS(1) in Proposition 4.1 because the line bundle OS(1) is trivial on S\HS. From now on, we fix
s ∈ S \ Z and D = Ds.
Applying Proposition 4.1 for jet order k = n, the twisted tangent bundle
TVH,n ⊗ η
∗
(
OPn(C)(5n − 2)⊗OS(1)
)
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is generated by its global holomorphic sections over VregH,n \ η
−1H. Moreover, the coefficients of those sections
are polynomials in the logarithmic n-jet coordinates associated with the canonical coordinates of Pn(C) × S.
In particular, the restriction of the bundle
TVH,n ⊗ η
∗OPn(C)(5n− 2)
to η−1Y , where
Y := pr−12 (Us\HS) \ H
is generated on (VregH,n ∩ η
−1Y ) by its global sections whose coefficients are polynomials in the logarithmic jet
coordinates as above.
For 0 ≤ ℓ ≤ m, let v1, . . . , vℓ be sections of TVH,n ⊗ η
∗OPn(C)(5n − 2) over the open subset L ⊂ VH,n.
As explained below, the significance of those sections is that they allow to construct new global logarithmic jet
differentials. Indeed, we can view P as a holomorphic mapping
P : L|pr−12 Us
→ pr∗1OPn(C)(1)
−cm|pr−12 Us
,
which is locally a homogeneous polynomial of degree m. It follows that the Lie derivative (v1 · · · vℓ) · P is
also a holomorphic map from L|pr−12 Us
to
pr∗1OPn(C)(1)
−cm+ℓ(5n−2)
and is locally a homogeneous polynomial of the same degree m. The fact that the derivative of P along vj
preserves the degreem can be deduced from the fact that the coefficients of vj are polynomials in the logarith-
mic jet coordinates and by the chain rule of derivatives, the degree of those polynomials should compensate
the losses of degree due to the differentiation with respect to vj , see [26, Sec. 3.7]. In summary, we obtain a
holomorphic map
(v1 · · · vℓ) ·P : L|pr−12 Us
→ pr∗1OPn(C)(1)|
−cm+ℓ(5n−2)
pr−12 Us
.(4.2)
By composing f with the inclusion
Pn(C) →֒ Pn(C)× {s} ⊂ Pn(C)× S,
we can consider f as a holomorphic curve into Y ⊂ Pn(C) × S because s ∈ Us \ HS and f is not included
in D. Let {P = 0} ⊂ pr−12 Us be the zero divisor of P, where we view P as a holomorphic section of
E ⊗ pr∗1OPn(C)(1)
−cm over pr−12 Us. Since f is algebraically nondegenerate, there exists z0 ∈ C such that
f ′(z0) 6= 0 and f(z0) 6∈ D ∩ {P = 0}. Consequently, we get
jn(f)(z0) ∈ (L
reg ∩ η−1Y ).(4.3)
Now proceeding as in [11], we can show that there exist global slanted vector fields v1, . . . , vℓ for some 0 ≤
ℓ ≤ m such that
(v1 · · · vℓ) ·P
(
jn(f)
)
6= 0.
For reader’s convenience, we briefly recall the idea. Denoted by Ps the restriction of P to P
n(C) × {s}.
Consider the logarithmic jet coordinates (z, z(1), . . . , z(n)) ∈ Cn(n+1) around jn(f)(z0) of L|Pn(C)×{s}. Using
a linear change of coordinates, we obtain modified logarithmic jet coordinates (z′, z′(1), . . . , z′(n)) in which
jn(f)(z0) is the origin. Since Ps is locally a homogeneous polynomial in logarithmic jet coordinates whose
coefficients are holomorphic functions on local charts of Pn(C), so it is in the new logarithmic jet coordinates.
By the choice of z0, there exists a coefficientAα1,...,αn(z) ofPs (see (3.2)) for whichAα1,...,αn(f(z0)) 6= 0.
Let
Aα1,...,αn(z)
(
z′(1)
)α1 · · · (z′(n))αn
be the monomial of Ps associated with Aα1,...,αn , where αj ∈ N
n for 1 ≤ j ≤ n and |α1| + 2|α2| + · · · +
n|αn| ≤ m. We then choose local vector fields v
′
1, . . . v
′
ℓ around the origin jn(f)(z0) for which
(v′1 · · · v
′
ℓ) ·P
(
jn(f)(z0)
)
= Aα1,...,αn
(
f(z0)
)
6= 0.
As we mentioned above, these vector fields v′1, . . . , v
′
ℓ can be generated by global vector fields v1, . . . , vℓ on
(Lreg ∩ η−1Y ). Combining this with (4.3), we get (v1 · · · vℓ) ·P
(
jn(f)(z0)
)
6= 0. This together with (4.2)
implies (4.1). The proof of Theorem 4.1 is completed.
10
Corollary 4.1. Let c be a positive integer with c ≥ 5n−1. LetD ⊂ Pn(C) be a generic hypersurface in Pn(C)
having degree
d ≥ 15(c + 2)nn.
Let f : C → Pn(C) be an entire holomorphic curve. If f is algebraically nondegenerate, then the following
Second Main Theorem type estimate holds:
Tf (r) ≤
1
c− 5n + 2
N
[1]
f (r,D) + Sf (r).
In particular, choosing c = 5n− 1, one obtains the Main Theorem.
Proof. This is a direct application of Theorem 3.1 to global logarithmic jet differential P supplied by Theorem
4.1, where
m˜ = mc− ℓ(5n− 2) ≥ m(c− 5n+ 2) ≥ m.
11
References
[1] Do Phuong An, Si Duc Quang, and Do Duc Thai. “The second main theorem for meromorphic mappings
into a complex projective space”. In: Acta Math. Vietnam. 38.1 (2013), pp. 187–205. ISSN: 0251-4184.
[2] Gergely Berczi. “Towards the Green-Griffiths-Lang conjecture via equivariant localisation”. In: Preprint
arxiv:1509.03406 (2015).
[3] Henri Cartan. “Sur les ze´ros des combinaisons line´aires de p fonctions holomorphesdonne´es”. In: Math-
ematica 7 (1933), pp. 80–103.
[4] G. M. Constantine and T. H. Savits. “A multivariate Faa` di Bruno formula with applications”. In: Trans.
Amer. Math. Soc. 348.2 (1996), pp. 503–520. ISSN: 0002-9947.
[5] Lionel Darondeau. “On the logarithmic Green-Griffiths conjecture”. In: Int. Math. Res. Not. IMRN 6
(2016), pp. 1871–1923. ISSN: 1073-7928.
[6] Lionel Darondeau. “Slanted vector fields for jet spaces”. In: Math. Z. 282.1-2 (2016), pp. 547–575.
[7] Jean-Pierre Demailly. “Holomorphic Morse inequalities and the Green-Griffiths-Lang conjecture”. In:
Pure Appl. Math. Q. 7.4, Special Issue: In memory of Eckart Viehweg (2011), pp. 1165–1207. ISSN:
1558-8599.
[8] Jean-Pierre Demailly. “Hyperbolic algebraic varieties and holomorphic differential equations”. In: Acta
Math. Vietnam. 37.4 (2012), pp. 441–512. ISSN: 0251-4184.
[9] Jean-Pierre Demailly. “Varie´te´s projectives hyperboliques et e´quations diffe´rentielles alge´briques”. In:
Journe´e en l’Honneur de Henri Cartan. Vol. 1997. SMF Journ. Annu. Soc. Math. France, Paris, 1997,
pp. 3–17.
[10] Gerd-Eberhard Dethloff and Steven Shin-Yi Lu. “Logarithmic jet bundles and applications”. In: Osaka
J. Math. 38.1 (2001), pp. 185–237. ISSN: 0030-6126.
[11] Simone Diverio, Jo¨el Merker, and Erwan Rousseau. “Effective algebraic degeneracy”. English. In: In-
ventiones mathematicae 180 (2010), pp. 161–223.
[12] A. E`. Ere¨menko and M. L. Sodin. “Distribution of values of meromorphic functions and meromorphic
curves from the standpoint of potential theory”. In: Algebra i Analiz 3.1 (1991), pp. 131–164. ISSN:
0234-0852.
[13] Mark Green and Phillip Griffiths. “Two applications of algebraic geometry to entire holomorphic map-
pings”. In: The Chern Symposium 1979 (Proc. Internat. Sympos., Berkeley, Calif., 1979). Springer, New
York-Berlin, 1980, pp. 41–74.
[14] Shigeru Iitaka. Algebraic geometry. Vol. 76. Graduate Texts in Mathematics. An introduction to bira-
tional geometry of algebraic varieties, North-Holland Mathematical Library, 24. Springer-Verlag, New
York-Berlin, 1982, pp. x+357. ISBN: 0-387-90546-4.
[15] Joe¨l Merker. “Algebraic differential equations for entire holomorphic curves in projective hypersurfaces
of general type: optimal lower degree bound”. In: Geometry and analysis on manifolds. Vol. 308. Progr.
Math. Birkha¨user/Springer, Cham, 2015, pp. 41–142.
[16] Joe¨l Merker. “Low pole order frames on vertical jets of the universal hypersurface”. In: Ann. Inst. Fourier
(Grenoble) 59.3 (2009), pp. 1077–1104. ISSN: 0373-0956.
[17] David Mumford. Abelian varieties. Tata Institute of Fundamental Research Studies in Mathematics, No.
5. Published for the Tata Institute of Fundamental Research, Bombay; Oxford University Press, London,
1970, pp. viii+242.
[18] Junjiro Noguchi. “Logarithmic jet spaces and extensions of de Franchis’ theorem”. In: Contributions to
several complex variables. Aspects Math., E9. Friedr. Vieweg, Braunschweig, 1986, pp. 227–249.
[19] Junjiro Noguchi and Jo¨rg Winkelmann. Nevanlinna theory in several complex variables and Diophantine
approximation. Vol. 350. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer, Tokyo, 2014, pp. xiv+416. ISBN: 978-4-431-54570-5; 978-4-431-
54571-2.
12
[20] Junjiro Noguchi, Jo¨rg Winkelmann, and Katsutoshi Yamanoi. “The second main theorem for holomor-
phic curves into semi-abelian varieties”. In: Acta Math. 188.1 (2002), pp. 129–161. ISSN: 0001-5962.
[21] Junjiro Noguchi, Jo¨rg Winkelmann, and Katsutoshi Yamanoi. “The second main theorem for holomor-
phic curves into semi-abelian varieties. II”. In: Forum Math. 20.3 (2008), pp. 469–503. ISSN: 0933-7741.
[22] Mihai Pa˘un and Nessim Sibony. “Value Distribution Theory for Parabolic Riemann Surfaces”. In: Preprint
arXiv:1403.6596 (2014).
[23] Min Ru. “A defect relation for holomorphic curves intersecting hypersurfaces”. In: Amer. J. Math. 126.1
(2004), pp. 215–226. ISSN: 0002-9327.
[24] Min Ru. “Holomorphic curves into algebraic varieties”. In: Ann. of Math 169 (2009), pp. 255–267.
[25] Yum-Tong Siu. “Hyperbolicity in complex geometry”. In: The legacy of Niels Henrik Abel. Springer,
Berlin, 2004, pp. 543–566.
[26] Yum-Tong Siu. “Hyperbolicity of generic high-degree hypersurfaces in complex projective space”. In:
Invent. Math. 202.3 (2015), pp. 1069–1166. ISSN: 0020-9910.
[27] Do Duc Thai and Duc-Viet Vu. “Holomorphic mappings into compact complex manifolds”. In: Houston
J. Math. 43.3 (2017), pp. 725–762.
[28] Katsutoshi Yamanoi. “Holomorphic curves in abelian varieties and intersections with higher codimen-
sional subvarieties”. In: Forum Math. 16.5 (2004), pp. 749–788. ISSN: 0933-7741.
DINH TUAN HUYNH, DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVERSITY, TOYONAKA,
OSAKA 560-0043, JAPAN & DEPARTMENT OF MATHEMATICS, COLLEGE OF EDUCATION, HUE UNIVERSITY, 34 LE LOI ST.,
HUE CITY, VIETNAM
E-mail address: dinh-tuan.huynh@math.sci.osaka-u.ac.jp
DUC-VIET VU, KOREA INSTITUTE FOR ADVANCED STUDY, 85 HOEGIRO, DONGDAEMUN-GU, SEOUL 02455, REPUBLIC OF
KOREA
E-mail address: vuviet@kias.re.kr
SONG-YAN XIE, MAX-PLANCK-INSTITUT FU¨R MATHEMATIK, VIVATSGASSE 7, 53111 BONN, GERMANY
E-mail address: songyan.xie@mpim-bonn.mpg.de
13
